Bessel beams' great importance in optics lies in that these propagate without spreading and can reconstruct themselves behind an obstruction placed across their path. However, a rigorous wave-optics explanation of the latter property is missing. In this work we study the reconstruction mechanism by means of a wave-optics description. We obtain expressions for the minimum distance beyond the obstruction at which the beam reconstructs itself, which are in close agreement with the traditional one determined from geometrical optics. Our results show that the physics underlying the self-healing mechanism can be entirely explained in terms of the propagation of plane waves with radial wave vectors lying on a ring.
In this Letter we present a simple explanation for the self-healing mechanism by which Bessel beams, when partially obstructed, recover their original intensity profile after some distance z min from the obstruction. Bessel beams were theoretically predicted and experimentally demonstrated in the late eighties of the last century by Durnin and coworkers [1, 2] . The two salient traits of Bessel beams are the capability of propagating without changing the intensity profile (diffraction-free nature), and the remarkable capacity of reconstruct themselves after encountering an obstacle (self-healing mechanism). These characteristics attracted considerable interest in the last three decades and have been the subject of numerous investigations [3, 4] . In particular, the selfhealing property proved to be very useful in research applications such as optical manipulation [5, 6] , microscopy [7, 8] and quantum communication [9] . Therefore, the self-reconstruction mechanism has been thoroughly studied mainly by means of numerical simulations [10] [11] [12] [13] . Only recently an analytical investigation, based on Gaussian optics, has been presented [14] . However, in [14] an explicit expression for the minimum reconstruction distance z min could not be obtained. It is rather unsatisfactory that the value of this parameter, key to the theory of self-healing mechanism, could be hitherto determined on the ground of geometric arguments only.
In this Letter, we remove this deficiency from the theory by presenting a fully wave-optics characterization of the self-reconstruction process. This approach allows for an evaluation of z min grounded on physical, as opposed to geometrical, arguments. Moreover, using the Babinet principle [15] , we show that the physics of the self-healing mechanism is simply that of propagation of a plane wave through an aperture.
To begin with, we recall that a Bessel beam can be thought as the coherent superposition of plane waves of the form [3] :
where the amplitude A( k 0 ) = A exp (imϕ), with m ∈ {0, ±1, . . .} and the wave vector k 0 = k(x sin ϑ 0 cos ϕ + y sin ϑ 0 sin ϕ+ẑ cos ϑ 0 ) ≡ k 0r +ẑ k cos ϑ 0 are functions of the azimuthal angle ϕ solely, being the modulus k 0 = k and the angular aperture ϑ 0 kept constants. Writing the position vector x =xx +ŷy +ẑz = r +ẑz in cylindrical coordinates (r, φ, z) as x =xr cos φ +ŷr sin φ +ẑz, with r = x 2 + y 2 , one can write
where k 0z = k cos ϑ 0 , k 0r = k sin ϑ 0 and J m (x) denotes the Bessel function of the first kind of order m. A straightforward consequence of Eq. (2) arXiv:1410.4121v1 [physics.optics] 15 Oct 2014
is that the Fourier transform ψ B (k r , ϕ, 0) of the Bessel field ψ B (r, φ, 0) is localized on a ring of equation k
1/2 . This instance is very different from, e.g., the Fourier transform of a Laguerre-Gauss (LG) beam whose angular spectrum is essentially localized on the disc of equation
, where θ 0 denotes the angular spread of the LG beam. As we shall see later, this simple fact lies at the foundation of the self-healing mechanism.
Consider a circular opaque object (obstruction) of radius a placed in the xy-plane at z = 0 and characterized by the transmission function
where Θ(x) denotes the Heaviside step function and Θ (a − r), according to the Babinet principle, coincides with the transmission function of an aperture of radius a complementary to the obstacle [10] . The Bessel beam at z = 0 behind the obstacle can be therefore written as
where the superscripts "O" and "A" stand for "Obstruction" and "Aperture", respectively. According to a simple ray-tracing model, different authors found for the minimum reconstruction distance the following expression [3] :
This means that along and close to the z-axis (r ≈ 0), at any distance z > z min from the obstruction, one should approximately have ψ
, where ψ B (r, φ, z) denotes the Bessel beam that would propagate to z if the obstacle were not present. Thus, one can estimate z min by evaluating the minimum propagation distance along the z-axis for which it has ∆(r, φ, z) ≡ ψ B (r, φ, z) − ψ O B (r, φ, z) ≈ 0. According to Eq. (4), such deviation ∆ can be evaluated as
where ψ A B (r, φ, z) denotes the beam transmitted across a circular aperture of radius a, complementary to the obstruction. Therefore, the whole problem reduces to the calculation of distance along the z-axis where the amplitude of the field ψ A B (r, φ, z) becomes negligible, namely ψ A B (0, φ, z min ) ≈ 0. However, Eq. (5) and experimental results [3, 10] , show that z min is determined, ceteris paribus, by the angular aperture ϑ 0 solely. Then, since all the plane waves constituting the angular spectrum of a Bessel beam form the same angle ϑ 0 with respect to the z-axis (ring domain in k-space), it follows that all these waves yield the same value for z min . Therefore, since
where ψ
, in order to determine z min it is sufficient to calculate the wave field transmitted by the aperture when the latter is illuminated by the single plane wave ψ pw ( k 0 · x). The same reasoning clearly fails for beams of other forms, as the LG ones, whose angular spectrum is made of plane waves forming different angles ϑ = ϑ 0 (disk domain in k-space) with respect to the z-axis. In this case, each plane wave determine a different value for z min and the latter can take any value. This is our first main result. In the remainder we will determine z min for the two cases of a square and a soft-Gaussian aperture.
Consider now the scheme illustrated in Fig 
be the field transmitted across the circular aperture of radius a. The normalized intensity distribution F (x, y, z) is defined as
where henceforth integration is always understood upon the whole xy-plane if not stated explicitly. At any plane z = const., the center of the transmitted wave field can be identified with the centroid of the intensity distribution, namely
where the symbol · F denotes the expectation value with respect to the distribution F h(x, y, z) F = h(x, y, z)F (x, y, z) dxdy,
for any function h(x, y, z). At distance z from the screen the diffracted field f A (x, y, z) spreads over a region whose width can be estimated by the variance of the intensity distribution F :
Both functions r F and Var[r 2 ] F vary with z. Then, one can (arbitrarily) define z min as the distance at which the displacement | r F | of the centroid of the beam from the z-axis equals the half-width of the intensity distribution, that is:
To perform this calculation, let us first consider an arbitrary field f (x, y, z) that admits a real-valued angular spectrum f (k x , k y ) ∈ R made of homogeneous plane waves only [16] , namely
|f (x, y, z)| 2 dxdy = 1. Then, it is not difficult to show that it is always possible to write
where ξ ∈ {x, y} and
Substituting Eqs. (14) into Eq. (12) yields to a quadratic equation in z whose positive solution is
It should be noticed that this relation is exact and does not rely on any approximation. The crucial quantity that uniquely determines z min is the ratio
with ρ(z min ) = 2 by definition. This is our second main result.
In the remainder of this Letter we shall apply Eq. (16) to two relevant cases: a) a square aperture of side 2a and b) a soft-edge Gaussian aperture with variance a 2 . Our ultimate goal is to compare the expressions for z min obtained from Eq. (16) with the geometrical optics one given in Eq. (5).
a) Square aperture. Let us write write explicitly
where k 0x = k 0r cos ϕ and k 0y = k 0r sin ϕ. At z = 0, the field transmitted across the square aperture is written as
The Fourier transform is easily calculated:
In the limit of infinitely wide aperture a → ∞, one recovers the impinging plane wave because of the Dirac delta function definition
where ξ ∈ {x, y}. Now, the key trick is based on the observation that the same delta function can also be realized via a Gaussian function:
Therefore, for sufficiently large a 2π/k one can approximate f (k x , k y ) with f (k x , k y ) ≈ 2π a π e −a 2 (k0x−kx)
2 /π a π e −a 2 (k0y−ky)
The function in Eq. (23) is real, therefore we can apply Eqs. (15) and obtain, after a straightforward calculation:
µ y = k 0y k 0z = tan ϑ 0 sin ϕ,
